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Nonlinear wave reflection from a submerged
circular cylinder
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Mechanics Division, Department of Mathematics, University of Oslo, Norway
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The paper discusses analytically the nonlinear wave reflection caused by a circular
cylinder, submerged under a free surface in water of infinite depth. For mono-
chromatic incident waves it is shown that there is no reflection of order m and
frequency mw (m integer). This means that the dominant part of the mode of
frequency mw is not reflected. For bichromatic incident waves it is found that the
second-order wave with ‘sum frequency ’ has no reflection. It is shown that the z- and
y-components of the oscillatory force of order m and frequency mw have identical
amplitudes and a phase-difference jn. A corresponding result is also true for
bichromatic waves.

1. Introduction

Normally a body submerged under a free surface reflects part of the incident wave
motion, except possibly for some special values of the incident frequency. It was
shown, however, by Dean (1948) that if the submerged body is a circular cylinder
with axis parallel to the crests of the incident wave, and the fluid layer is of infinite
depth, the first-order (in wave amplitude) coefficient of reflection is zero for all
incident frequencies and all submergences of the body. A complete solution of the
linear problem was given by Ursell (1950) who applied a multipole expansion.

Recently Vada (1987) solved numerically the first- and second-order diffraction
problem in two dimensions for a submerged cylinder of arbitrary form. He calculated
the first- and second-order forces on the body by direct pressure integration, and the
second-order reflection and transmission coefficients. In particular, he noted that the
magnitude of the second-order reflection coefficient for a submerged circular cylinder
was of the same order as the accuracy in his numerical scheme. Very recently Friis
(1990), Mclver & Meclver (1990) and Wu (1991), independently, have shown
analytically that the second-order reflection coefficient for the submerged circular
cylinder is identically zero. Friis (1990) uses a method applied earlier by Grue & Palm
(1985) for a submerged circular cylinder in a uniform current, whereas the two other
papers are both based on a formula for the second-order reflection coefficient
expressed by the first-order solution only.

In the present paper these results will be generalized. We shall consider the
reflection of a Fourier mode with frequency me (the m-harmonic mode) where m is
an arbitrary positive number and w the frequency of the incident wave. This mode
is composed of terms of order m, m+ 2, m+ 4, etc. The dominant term is the lowest-
order one, i.e. the term of order m. We shall prove that the reflection of this term is
identically zero.

We shall also consider incident bichromatic waves (and shortly also multi-
chromatic waves) whereby we are able to study second-order effects due to an
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arbitrary incident wave spectrum. Lately, there has been considerable interest in this
problem, mainly due to the fact that a moored, floating body — a ship or oil platform,
for instance — may be in resonance with the second-order load, with a frequency of
either the difference or the sum of the frequencies of two incident waves. We shall
restrict ourselves to consider only sum frequencies and show that the reflection
coefficient for the second-order motion is zero. It is discussed below how this result
may be generalized to higher-order terms.

Ogilvie (1963) has shown that in the first-order problem the oscillatory forces in
the z- and y-directions have identical amplitudes and a phase difference in. This
result will be extended to be valid to second order also for incident bichromatic
waves when only sum frequencies are considered. The result will be further extended
to any m-harmonic mode of order m.

Section 2 contains the formulation of the problem. In §3 the first-order problem,
slightly generalized for later use, is discussed. In §4 we consider the reflection to
second and higher order for monochromatic incident waves, and in §5 the reflection
for bichromatic incident waves. The oscillatory forces are discussed in §6, and §7 is
summary and discussion.

2. Formulation of the problem

We consider first an incident two-dimensional periodic wave with amplitude 4 and
frequency w which is scattered by a submerged circular cylinder with radius a and
contour C, and with axis parallel to the wave crests (cf. figure 1). The fluid is assumed
to be incompressible and the motion irrotational. A velocity potential @ satisfying
the Laplace equation then exists.

The boundary conditions on the free surface are

D, +gb,+2VP.- VP, + V- V(V-.VB) =0 (Y = 7), (1)
gi == —}VO)® (¥ =1), (2)
where 7 denotes the elevation of the free surface. X and Y are defined in figure 1, and

t denotes time. We assume that the fluid depth is infinite and the cylinder restrained.
This gives the additional conditions

=0 (Y=—c0), (3)
od
7= =0 (X.DecC. (4)

Here n denotes the normal derivative, chosen positive out of the fluid. We introduce
the dimensionless quantities

2 A
e=X =X A G H g0t pen) =158
¢ a a a g a
p 5 (5)
_P&X.Y.4 wed) _F
¢(x5 Y, T) - waz ’ p(l‘, Y, T) = pga s F(T) = p_ g_az’

where 7 is pressure, p is density and F is the force per unit length of the cylinder. It
is assumed that ¢ is small and that the potential can be expanded in a series

S=Se . (6)
1
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Fioure 1. Definition sketch.

€ is proportional to the Keulegan—Carpenter number (4 /a)mexp (—Kh). We also
require that the wave steepness eK is small, which restricts the magnitude of K to be
O(1). The motion is considered to be periodic in time so we may write

D, = Re{(Py(2,y) + ¢p(z,9)) e}, (7)
D, = Re{dy(z, y) + Pye(z, y) e®r}, (8)
®D,, = Re{d,0(®,y) + Ppi(2, y) €+ .. .G rum(®, y) ™7}, 9)

where i is the imaginary unit and m an arbitrary integer. ¢, is the velocity potential
for the incident wave (with unit amplitude), given by
Ky—-iKz _ i

i
Bol@,y) = oI =z, (10)

where z=zx+iy. (11)
The boundary conditions for ¢,, ¢p, ..., $,.n are obtained by introducing (7)-(9) in
(1) and (2) and developing (1) and (2) in a Taylor series around y = 0, eliminating 7.
For ¢ and ¢,,,, we obtain the following boundary conditions:

(¢p)y—K¢p =0 (y=0), (12)

$p=0 (y=—), (13)

(¢mm)y_m2K¢mm =fm(x) (?/ = 0)7 (14)

Pmm =0 (y=—00). (15)

Introducing ¢, defined by ¢, =P+ 9¢p, (16)
we also have ($1),— K¢, =0 (y=0), (17)
$,=0 (y=—o0), (18)

%=O %=0 (x,y)eC. (19)

on T om
Here we only give f,, (x) for m = 2,
. 0
i) = K| 294,191+, (1, ~ K|
) y=0

= —%iK[3K2(¢1)2+(¢1)u ¢1+2(¢1)2]y=0' (20)
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In addition the potentials must satisfy the Laplace equation and the radiation
conditions at ¥ = + 00. The radiation conditions for ¢, are

(¢p); LiK¢p =0 (r=x00), (21)
stating that the motion at infinity is an outgoing wave. From (21) and (20) we get
lim fo(x) =0, lim f,(x) = 4iKR,, (22)

> Z>—

where R, is the first-order reflection coefficient, and from (14) (with m = 2) and (22),
assuming outgoing wav s at infinity (Vada 1987),
(¢22)1+4iK¢22 = O (Q: = w)’ (23)
(f22); —4iK ¢y, = —4KR, (x=—o0). (24)
We note that for B, =0, ¢,, at x = + co describes a free, outgoing wave.
The time-dependence of the pressure, the force and the free-surface elevation is

separated out in the same way as for the velocity potential. From the Bernoulli
equation we obtain

Mz, y) = —Kig,, (25)
D@, y) = —2Kidy, —1K(V,)?, (26)

where p, is the first-order pressure and p,, the oscillatory part of the second-order
pressure.
The surface elevation is found from the dynamic boundary condition (2) to be

m(@) = —iKéy (=, 0), @7)
N90(%) = — K(2ig,, + §K*(¢,)? %(¢l)i)|y=0' (28)

Introducing in (28) T, T, and R,, the first- and second-order transmission coefficients
and the second-order reflection coefficient, respectively, we find (Vada 1987)

Noo(¥) = T, e 4% —1KTF e 257 (x = 00), (29)
7]22(x) = R2 ei4Kz_l —12K: 2R2K612K1 (x — CD) (30)

3. The first-order problem

We consider in this section the first-order problem with an incoming wave which,
for later reference, has a somewhat generalized form. The Green function for an
oscillating source fulfilling the Laplace equation, the boundary conditions at y = 0

and y = — co and the radiation conditions is given by Wehausen & Laitone (1960) as
G*(x,y,2',y' ,K,7) = Re (G(x, y, 2,y , K) e'"), (31)
where Gx,y,x',y ,K)=logr/r*+ G (x,y,2",y ,K) (32)
with
© ok W-¥) 6og k(x—x’) 0 eik(z—2) © o—ik(E-Z)
== dk =— — dk.
& 2J'0 K k J.o —K dk L K k (33)

The contour of integration is deformed above the pole in the complex k-plane.
(«’,y’) denote the source coordinates and («,y) the space coordinates. r and r* are
given by
r= (=) +(y—y)s
= (=) ++y )k (35)
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Ficurke 2. Path of integration.

and a bar denotes complex conjugate ; z is defined by (11). The asymptotic values of
(32) are found by contour integration to be

Q = 2im e K#HET (g = o0), (36)
G = 2ine!K*1KZ (¢ = — o0). (37)

We obtain a formula for ¢, by applying Green’s theorem for the Green function (32)
and ¢, on the closed figure indicated in figure 2. Using

0 . .

% = K¢, —2iK¢, (z=—o0), (38)
0g, _ -
5. = —iK¢y (z=00) (39)

together with (17), (18) and (19), and evaluating the integral at = — co by applying
the asymptotic value (37) of the Green function, we obtain

_J‘C¢1%dsl+n¢l = 2TE¢0 ((1’, ?/)EC)a (40)

[ 8.5 = 2nti—g0 = 2085 (@ w)eD) 1)
C

where 8/0n’ denotes the normal derivatives out of the fluid domain.
At the contour C we have

z=¢e%—ih, 0z/on=—e (2=0). (42)
Hence from (36) and (37)
20, = —2nK e!KF 1K el (2’e() (x =—0), (43)
n
aG —AK2zHIKZ -1 4
6?=21£Ke zHEKE o (2’eC) (x= 0). (44)

Equation (43) introduced in (41) then gives
¢p = —Ke'K? J-mgble“""*”’ d9 (Z’eC) (x=—o0). (45)
0
We assume that ¢,(6’) may be developed in a Fourier series
$:(8) = 54, "7 + 5B 077, (46)
0 1

where 4,,, and B,,, are complex constants.
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Developing exp (—iKz’) in a power series and using (42), we note that in the
integral (45) only B,,-terms can give contributions. We shall show that B,, =0,
which gives B, = 0.

For later use we generalize (40), writing

~[ 6.2 a5 478, = e @0, )
c n

where f(x) must have an expansion in powers ™, where m > 0 is integer. Obviously
(40) is a special case of (47). We Fourier transform the integral equation by
multiplying the equation with (1/2n) exp (im#), where m is positive, and integrating
from 0 to 2n. The Fourier transform of the right-hand side of (47) is zero. The last
term on the left has the Fourier transform

B, - (48)

We split 0G/0n” according to (32) and consider first /0n’(log 7), which may be written
0 _lor 1 nN_ 1

a;logr = e = 508 (r,n’) = —4. (49)

Hence this term makes no contribution to the Fourier transform of (47).
The next term may be written

0 1 &2 1 el 1 el
— " logr* =Re—— == = .
w B N T T 22ihte T —e? 22ihte V—o” (50)
Developing the last term in a power series, we find
1 ei()’ ei{)’ © i\ . n
~Smear = Sz ¢ &1)

We notice that this sum contains terms proportional to e™*® and therefore makes a
contribution to the Fourier transform. The coefficients are of the form e'*? (not
e 1"%). Hence this contribution leads only to B,, —terms and no 4,,,-terms, and will
be of the form

S BunBin (m=1,00). (52)

Similarly it is seen that the first term in (50) makes no contribution to the Fourier
transform.

We next consider @ and focus on the first integral on the right-hand side of (33).
Developing the exponential function in a power series, we obtain

o ooeilc(z_—z’) _ - ooke_zkh © o .
an’_[) e dk = —ie L K Eom(lk) (e —e¥) dk. (53)

Exactly as in the previous discussion this sum leads to a contribution of the form (52)

whereas the remaining part of (33) gives no contribution.
Collecting the terms obtained by the Fourier transform of (47), we have

nBlm+Zﬂntln =0 (m': l’w)’ (54)
1
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where f,,, now is the sum of the contributions from (50) and (53). Assuming that the
infinite determinant is non-vanishing (there are no irregular frequencies here since
the body is fully submerged) and that the series (52) is converging sufficiently
strongly, it follows that B,,, = 0 and thereby R, = 0.

We thus have

$.(0) = EAM el (85)

Utilizing (55) and the asymptotic values (43) and (44) for 0G/dn’, we find from (41)
and (10)

b= bot o = =i g+ E)e e (= o), (56)

$i= o= e (@=—c0) (57)

where hy(K) = 2m &K 5:; 4, % (58)
For later use we define h,(K) = 2ne~X" ?AJM%, (59)
g,(K) = 2me /KN f:jA,,,, f;”z—zfll)—; (60)

We also need ¢, at y = 0. At the free surface 3/0n’(log r/r*) = 0 and G reduces to @'
Introducing in (41) the formula (55) for ¢,, we notice that only the last term in (33)
contributes to the integral. Changing the order of integration, we obtain

o-1KZ 1 [~ e!*
é1(2,0) = K + - Khl(k)dk (61)

4. The second- and higher-order waves

Let us first consider the second-order wave ¢,,. This potential fulfils the Laplace
equation and the boundary conditions (14), (15) and (19).

@,, is the complete second-order velocity potential with frequency 2w and contains
in principle also the incident second-order (Stokes) wave. The velocity potential for
the latter vanishes, however, since the fluid depth is infinite. The radiation conditions
for ¢,, are given by (23) and (24) with R, = 0, expressing that at |z| = co the waves
are free waves, travelling outwards.

As in §3 we apply Green’s theorem. Now we choose as the Green function G,,
defined by

Golz,y, 2, y') = G(z,y,2', ¥, 4K), (62)
where @ is defined by (32) and (33).

Using the facts that ¢,, and G, satisfy the same radiation conditions, both are

vanishing at y = — oo and ¢,, fulfils (19), we obtain

f ¢22 a 2d8 _f_ Gz(x,y.’ mls 0)f2(x,) dx’ = Tt¢22 ((x) ?/)50)7 (63)

[ pusar—[" ooy s 0@ = ps (@pEn. 60
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The second integral in these equations may be simplified considerably. First, in the
formula for G,, logr/r* is zero. Furthermore, according to (61) ¢, at y =0 is only a
function of x through terms of the form exp (—ik, «") where %, is positive. Hence f;(z)
is a function of « only through terms of the form exp (—i(k, +k,) x) where k, and k,
are positive. It then follows (see the Appendix) that only the last integral in (33)
makes a non-vanishing contribution. Changing the order of integration we find that
(63) and (64) may be written

oG k) otk

[ e snpy = [(ELT 0 (@ yeo, (65)
an , _ f(k —ikz

_J.C¢22st +2n¢,, = . 2]6 aK dk  ((z,y)eV), (66)

where f,(k) is the Fourier transform of f,(z) defined by

fitk) = f " flw) e d (67)

For k negative, fz(lc) = 0. Introducing in (65) the formula (42) for z, we note that (65)
is of the same type as (47). Hence ¢,,(¢") may be written

Bual0) = 3 A, 6. (68)

The asymptotic value of ¢,, is obtained from (66) by applying contour integration
on the last integral and using (68) in the first integral. Developing the exponential
function in a power series, we obtain

Bas = —i(f,(4K) +g,(4K)) e (2 = 00), (69)

P =0 (§=—00), (70)

where g, is defined by (60). Hence the second-order reflection coefficient R, is zero.
For later reference we need a formula for ¢,, at y = 0. We introduce (68) into (66)
and note that G, may be replaced by @; since logr/r* = 0, and that only the last

integral in (33) gives a non-vanishing contribution. Developing the exponential
function in a power series, we obtain

¢22(x,0) f fZ(k)+h2(k) —ngdk (71)

We then consider the third-order velomty potential with frequency 3w, ¢,, and
derive first the radiation conditions. The boundary condition at y = 0 is, according

to (14),

(h33)y — 9K @ss = fa(2), (72)
where f,(x) is obtained by developing (1) and (2) in Taylor series around y = 0. We
notice that f,(x) consists of terms of the form (i) V&V, and (0/0y)(VP-V®D,) 9, (ii)
VO-V (VP V), (iii) (0/0y)(P,, +gP,)n and (0*/0y*) (P, +gPD,) n*. Here & is &, or the
time-dependent part of @,. The terms (i) lead to terms of the form V¢,:Vg,, and
(0/0y) (V.- V) n,. At |x] = o0 ¢, and ¢,, are zero or a function of z only (see (56),
(87) and (69), (70)). For arbitrary analytical functions F(z) and G(z), VF(z)-VG(z) is
identically zero. Hence at |z| = o0 the terms (i) vanish. For the same reason the terms
(ii) are also zero at infinity. Since ¢, and ¢,, at |z| = o0 are free waves in a fluid of
infinite depth, @, +¢®, and its y-derivatives are zero. Hence also the contribution
from the terms (iii) vanish.
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We thus end up at |z| = oo with
(¢h33)y — 9Ky =0 (y =0), (73)

which shows that the ¢,,-waves are also free waves at infinity. Since the waves are
generated at finite values of x, they must travel outwards and the radiation
conditions are

(P3a)s 119K gy = 0 (x =t 00). (74)

The physical reason for (73) being a homogeneous equation is that ¢, and ¢,, are not
reflected and, furthermore, that an incoming (Stokes) wave has no third-order
potential with frequency 3w in a fluid layer of infinite depth.
The procedure is now analogous to that applied for ¢,,. We define the Green
function
Gy(z,y,2,y) = Gz, y, 2y, 9K), (75)

where (@ is defined by (32). Since ¢,, and G, satisfy the same radiation conditions,
both are vanishing at y = — o0 and ¢,, fulfils (19), we obtain

J ¢3aa 3d3 _f Gy(x,y,2",0) fy(2') dx” = gy ((2,y)€C), (76)

J ¢as o’ 3d~9 —j Gy(x,y, 2, 0) fy(2) Ao’ = 2y ((,y) € V). (77)

From (71) we see that ¢,,(x) at y = 0is a function of x only through terms of the form
exp (—ik, x) where k, is positive. Since ¢,(x) is also a function of x of the same form,
it follows, exactly as for @,,, that (76) and (77) may be written (see Appendix)

_ % , B cuf;(k) e ikz

L P o ds’+ndy, = L “I—9K dk  ((x,y)eC), (78)
C oG , o £ k) e—1kz

_f ¢aa“aﬁds +2nd,, = , fa]i—_)%‘K—dk (x,y)€), (79)

where f; is the Fourier transform of f,. Introducing in (78) the formula (42) for z, we
see that (78) is of the same type as (47). Hence ¢,, takes the form

Pas(0) = X Ay, 0. (80)
0
The asymptotic form of ¢,; is found in exactly the same way as for ¢,,. We obtain
$aa = —i(fo(9K) +9,(9K)) e (z = c0), (81)
$3a =0 (x=—o00). (82)

Hence the third-harmonic mode of third order is not reflected.

Furthermore, ¢,; at ¥ = 0 is obtained in the same way as we derived formula (71)
for ¢,,. We find

gl 0) = j fotk) : +9};( ) -tz g, (83)

We may now prove that the amplitude of the velocity potential of order m and
frequency mw, @,,,,, is zero at x = — c0. The boundary condition at y = 0 is given by
(14). f,,(x) consists of products of various ¢,, (and ¢,) where n < m. Let us assume
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for the moment that ¢,,, for x = oo is of the form of a constant times exp (—in’Kz),
for all n, and zero for x = — 0. As in the discussion for n = 3, we divide f,,(z) in three
groups where groups (i) and (ii) consist of terms proportional to V@-V® (or V&-VP,)
and its y-derivatives. Since at |z| = oo all ¢,,, (and ¢,) are functions of z only, or zero,
the contributions from these groups vanish. Furthermore, since ¢,,, is assumed to be
free waves at infinity and the fluid layer is of infinite depth, ¢, +¢®, and all its
y-derivatives are zero at y = 0. Hence we obtain

(¢mm)y_m2K¢mm =0 (y =0, le = ). (84)
Similarly as for m = 3, we conclude that the radiation condition for ¢,,, is
(Pmm)z MK =0 (2 =t 0). (85)

The physical reason for (84) being a homogeneous equation is that all ¢,,, (and ¢,)
have no reflection and that the incoming (Stokes) wave has no mode in the velocity
potential of order m and frequency mo.

Using now the Green function

Gz, y,2,y) = Gx,y, 2y, mK) (886)

we obtain formulae identical to (76) and (77) except that subscript 3 is replaced by
m. As a second assumption we now assume that all ¢,,(x,0),n < m, are a function
of  only through terms of the form exp (—ikx) where k is positive. We then obtain,
as for m = 3,

fm —ikz

f¢mma ds’ +7 ¢mm— R k— mzK dk ((x,y)eo), (87)
fm —lkz

~[ Sun s t2mgn = [P Gk (@ yen) 8)

The integral equation (87) is of the same type as (47) and we conclude that ¢,,,, takes

the form
[s¢)

Pmm(0) = LA ppe!™. (89)
0
From (89) and the asymptotic expressions for G,, we obtain that the asymptotic
forms of ¢,,,, may be written

Brm = —i(fn(m?K) + g (m?K)) 7 (2 = ), (90)
Pmm =0 (x=—00). (91)
Furthermore, at y = 0, ¢,,,, is given by

¢mm(za 21t J fmk mzK e 2 dk. (92)

The two assumptions we have made for ¢,,, are true for = less than 4. Hence the
results (89)—(92) are valid for m = 4. Then they must also be true for m = 5, etc. and
we conclude that they are valid for arbitrary m.

The corresponding surface elevation 7,,,, at x = — co is obtained by expanding (2)
in a power series about y = 0. 7,,,, consist of products of @,, ¢y, Pss, ..., Ppm and its
derivatives. All these quantities are zero at x = — 00, except ¢, which is equal to ¢,.
Hence at x = — o 7,,,, has the value given by the incoming wave. Thus there is no
reflection of the surface elevation of the m-harmonic mode of order m.
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5. Reflection of incident bichromatic waves

In recent years considerable interest has been shown in studying incident
bichromatic waves. The main reason is that an oscillating system, for instance a
moored floating body, may perform oscillations with periods which are outside the
linear wave spectrum. The second-order forces, however, include forces with ‘sum-
frequency’ and ‘difference-frequency ’, and these may very well be in resonance with
the oscillating system.

We consider two incident waves with dimensionless amplitudes 4,,4, and
dimensionless wavenumbers K, K,, respectively. The velocity potentials of the
incident waves are then given by

¢ = ‘%e—im J =1,2). (93)
J

Furthermore, let ¢{¥ and ¢{» denote the velocity potentials for the total first-order
waves. We know that the first-order reflection coefficients for the two waves are zero.
We shall now show that the second-order reflection coefficients due to the sum-
frequencies also vanish. Let ¢} denote the corresponding velocity potential. The
boundary condition at ¥y = 0 may be written

($2)y—K*¢3 = f*(2), (94)

2
where Kt = ﬂ—-’_;)—“’)a, (95)

with w, and w, denoting the frequencies of the two incident waves. f*(x) is obtained
from (1) and (2) and consists of products of ¢{V and ¢{?. Utilizing the asymptotic
formulae (56) and (57) for ¢{¥ and ¢{¥ we obtain that f*(x) = 0 for |x| = co. This is
because R, = 0 and the second-order velocity potential for the incoming wave with
sum-frequencies is zero. As in §4 we conclude that the radiation condition for ¢7 is

($2), XK'y =0 (x =L 0). (96)
Following the procedure in §4 we use Green’s theorem, choosing as Green function
Gi(x,y,2,y) = Gx,y, 2y, K"), (97)

where @ is defined by (32) and (33). Since ¢,, and G, satisfy the same radiation
conditions, both are vanishing at y = — o0 and 9/0n(¢;) =0 at C, we obtain two
equations similar to (63) and (64) for ¢;. f*(x) may be written as products of ¢ and
¢'? and their z-derivatives. With the same arguments as applied for ¢,,, it follows
that the two equations for ¢ may be written

oG oof+(k) elkz

—_— + 2 4 + = —_—
JC ¢2 an/ dS +1t¢2 0 k_K+ dk ((x’ y)e C)’ (98)

oG+ 0 f+(k) elkz

— +272 44 + = A St A
L¢2 e A2l = | BTk (@ e, (99)

where f*(k) is the Fourier transform of f*(x). Introducing (42) we see that (98) is of
the same form as (47). Hence ¢; is of the form

$3(0') = XA, el (100)
0

3 FLM 233
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Introducing (100) in (99) we obtain
¢7 = —i(fH K +h (K" e K? (x=+00), (101)
$s =0 (x=—-m), (102)
where A is defined by (59), replacing 4,,, with A},,. Hence we have shown that the
reflection coefficient for ¢; is zero.
We can now proceed as in §4 and show that ¢f(x,0) has a form similar to (71).
Considering then three incident waves, with velocity potential ¢ given by (93) where
Jis 1, 2 and 3, we may show that ¢7 is zero at x = — 00. ¢7 is generated by products

of ¢, ¢ and @ where r,s,t are either 1, 2 or 3. More generally we will find that
¢} =0 at x = — oo where m is an arbitrary positive number.

6. The oscillatory forces

We first consider an incident monochromatic wave. Let f, denote the first-order
oscillatory force. The z- and y-components of the force may be written

2N
fii= —Kif $, cos 0d6, (103)
0

2n
fl-j=—KiJ $, sin 6.6, (104)
0

where i and j denote the unit vectors along the z- and y-axes, respectively. Applying
formula (55) for ¢,, (103) and (104) take the form

firi=—1Ki| Y A,,e™(Ee%+e %) do, (105)
0 0
2N . . .
Sii=—3K| X A,,em(’—e)db, (106)
0 0
which gives Sfiri=—Kmid,,, (107)
Sfi-J=Knd,,. (108)
Introducing the time variation, the formulae take the form
F-i=Re(f;-ie'") = Re(—inKA4,,€"), (109)
F,.j = Re(f;-je"") = Re (—inKA4,, e+, (110)

Thus the xz-component and the y-component of the first-order force have the same
amplitude and a phase difference ir. This result was derived by Ogilvie (1963), using
a different approach.

For the second-order oscillatory force, f,, we obtain from (26)

2n 4
f2-i=—2Kif ¢y cos0dl—1 J7 (Vep,)2cos0d0, (111)
0 0
21 34
fz-j=—2KiJ ¢522sint9dt9—}KJ7 (Vé,)?*sin8d8. (112)
0 0
The last term in (11) may, using the boundary condition (19), be written
2n [+o)
1K Y A A, nn im0 (gif 4 e7i0) 44, (113)

0 n=1,n'=1
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which, by changing the order of summation and integration, is seen to be zero.

Similarly we find that the last term in (112) is zero. Introducing (68) for ¢,, we then
obtain '

Sori=—2inKA4,,, (114)

SorJ =2nKA,,. (115)

Hence the - and y-components of the second-order oscillatory force also have the
same amplitudes and a phase difference }n. The first part of this result, that the two
amplitudes are equal, has been observed by Vada (1987) by numerical simulation.

The results may be extended to oscillations of order m with frequency mw. From
the Bernoulli equation we find

Pmm = —‘"I‘K1¢mm_%K(v¢)2’ (116)

where p,,,, denotes the dynamic pressure. ¢ is composed of ¢,, @y, ..., Py m—y Such
that the product V¢-¢ is of order m. Similarly as for f,, we show that the last term
in (118) becomes zero, and we obtain

S i=—miKnd,,, (117)

SmJ =mKnA,,,. (118)

Hence the z-component and the y-component of the oscillatory force of order m and
frequency mw have the same amplitudes and a phase differences ir.

A corresponding result is also true for incident bichromatic waves. The Bernoulli
equation may then be written

p; =~ Kig; —{K(V,)" (119)
where p} denotes dynamic pressure and ¢, = ¢{") + ¢, defined in §5. Exactly as for

monochromatic waves it follows that the last term gives no contribution and we
obtain from (101)

fii= —wl—::w—?iKnAgl, (120)
., Wt
Fi="2"Knay, (121)

Also in this case we obtain that the z- and y-components of the oscillatory force have
the same amplitudes and a phase difference in. This result is consistent with
numerical simulations by Friis, Grue & Palm (1991) who find, within the accuracy of
the code, that the amplitudes are equal. The procedure may be extended to higher
orders.

7. Summary and discussion

This paper discusses the nonlinear wave reflection of an incident monochromatic
wave, caused by a circular cylinder submerged in a fluid layer of infinite depth. A
reflected Fourier mode with frequency mw, m an arbitrary integer, will have
components of order m, m+ 2, m+ 4, etc. It is shown in the paper that the component
of order m, which is the dominant part of the mode, is not reflected. Hence for
m = 1, for instance, the first-order reflection coefficient is zero, but probably not the
third- or the fifth-order reflection coefficients. These are, however, usually very
small.
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Also incident bichromatic waves (and briefly multichromatic waves) are studied
and it is shown that the second-order wave with frequency equal to the sum of two
incident frequencies has no reflection. This is most likely not true for the second-
order wave with difference-frequency.

It is also shown that the x-component and y-component of the oscillatory force of
order m and frequency mw have identical amplitudes and a phase difference }r. This
result is also true for the second-order force (and higher-order forces) with frequency
being the sum of the frequencies of two incident bichromatic waves.

It should be noted that the derived results are valid for arbitrary submergence of
the body and arbitrary incident frequencies.

Our results for m = 2 and 3 are confirmed by laboratory experiments by Chaplin
(1984). Thus he observes that the reflection of the 2- and 3-harmonic modes is
negligible if the Keulegan—Carpenter number is unity or smaller. For these two
harmonic modes he also finds that the x-component and y-component of the
oscillatory force have the same amplitudes. He does not comment on higher
harmonic modes, most likely because they are very small in his experiments. Among
the practical applications of this theoretical investigation are the evaluation of the
forces on long underwater tube bridges, which it is proposed to construct across
Norwegian fjords and straits.

The author would like to thank Dr John Grue for useful discussions. He also wishes
to acknowledge the financial support provided by the Norwegian Council for Science
and the Humanities.

Appendix

We consider the integral

+00
f Gyl y. 2, 0) fy(a') e A1)
For y = ,logr/r* = 0. Hence G, is replaced by G}, where Gz, y, 2", 9y, K) = G'(x, y,
x',y’,4K). Here ¢ is defined by (33). From (20) f,(x) consists of products of ¢, and
its z-derivatives. We notice from (61) that ¢, (x) is a function of « only through terms
of the type exp (—ik, x) where k, is positive. f,(x) is then a function of x through terms
of the type exp (—i(k, + k,) ) where k, and k, both are positive. Introducing now for
G, the first integral on the right-hand side of (33) (with K replaced by 4K) and
integrating over x, we obtain that this part of G, gives a contribution proportional to
0(—k—k,—k,) where k, k, and k, all are positive. § denotes the Dirac d-function.
Hence this contribution is zero and G, in (A 1) may be replaced by the last integral
n (33). Changing the order of integration (A 1) may be written in the simpler form

oof-'z(k) e—ikz
J-O ok, (A2)

where folk) = fw folx) el*® da. (A3)
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